The bound rovibronic levels of the He-HF ϩ complex were calculated for total angular momentum Jϭ 1 2 , 3 2 , 5 2 , 7 2 , and 9 2 with the use of ab initio diabatic intermolecular potentials presented in Paper I and the inclusion of spin-orbit coupling. The character of the rovibronic states was interpreted by a series of calculations with the intermolecular distance R fixed at values ranging from 1.5 to 8.5 Å and by analysis of the wave functions. In this analysis we used approximate angular momentum quantum numbers defined with respect to a dimer body-fixed ͑BF͒ frame with its z axis parallel to the intermolecular vector R and with respect to a molecule-fixed ͑MF͒ frame with its z axis parallel to the HF ϩ bond. The linear equilibrium geometry makes the He-HF ϩ complex a Renner-Teller system. We found both sets of quantum numbers, BF and MF, useful to understand the characteristics of the Renner-Teller effect in this system. In addition to the properties of a ''normal'' semirigid molecule Renner-Teller system it shows typical features caused by large-amplitude internal ͑bending͒ motion. We also present spectroscopic data: stretch and bend frequencies, spinorbit splittings, parity splittings, and rotational constants.
I. INTRODUCTION
The preceding paper, 1 from now on referred to as Paper I, presents the calculation of the two asymptotically degenerate adiabatic potential surfaces of the He-HF ϩ complex that correlate with the degenerate X 2 ⌸ ground state of HF ϩ . The twofold spatial degeneracy of this ⌸ state is lifted, except when the complex has a linear geometry. The method used for this calculation is a recently proposed 2 ab initio method that combines the potential energy surface of the neutral closed-shell complex, He-HF in this case, with the ionization energies of the complex and of one of the monomers ͑here HF͒ to obtain the interaction energy of the cationic complex. Multiple ͑excited state͒ potential surfaces can be efficiently generated by the computation of higher ionization energies of the neutral species, a feature that is used in this case to obtain simultaneously the lowest two asymptotically degenerate potential surfaces of He-HF ϩ . Paper I also presents diabatic surfaces obtained from the two adiabatic ones and a full analytic fit of these diabatic surfaces. In the present paper we proceed by calculating the rovibronic states of the complex on the diabatic potential surfaces, with the inclusion of spin-orbit coupling. In Sec. II we describe the formalism used to perform these calculations in space-fixed and different body-fixed coordinates. The nonadiabatic coupling that is particularly important near the linear geometry of the complex where the adiabatic states become degenerate is implicitly taken into account in these calculations. In Sec.
III we present and discuss the results, first of onedimensional calculations with the intermolecular distance R fixed at a range of values, then of the full calculations.
Since the two potential surfaces computed in Paper I correspond to a linear equilibrium geometry of He-HF ϩ this complex is a Renner-Teller system. It is much more strongly bound than the neutral Van der Waals complex He-HF, but considerably less rigid than a normal, chemically bound, linear triatomic molecule where Renner-Teller coupling has mostly been studied. Therefore, we will pay special attention, in Sec. III C, to the way in which the Renner-Teller effect becomes manifest in this system. We will compare our results to those of Schmelz and Rosmus, 3 who made a similar study on different potential surfaces.
II. CALCULATION OF ROVIBRONIC STATES
Different coordinates and basis sets can be used to calculate the vibration-rotation-tunneling levels of Van der Waals dimers. In particular, one may choose a space-fixed ͑SF͒ basis or various body-fixed ͑BF͒ bases, 4, 5 as well as different angular momentum coupling schemes. 6 The rovibronic states of He-HF ϩ were first calculated in this work in a coupled SF basis. For the interpretation of the results and the understanding of the Renner-Teller effect it turned out, however, that the expansion of the rovibronic states and the consideration of various approximate quantum numbers with respect to different BF frames was very useful. So, we also performed calculations with body-fixed bases with angular momentum projection quantum numbers defined either BF with respect to the vector R that points from the HF ϩ center a͒ Author to whom correspondence should be addressed. Electronic mail: avda@theochem.kun.nl of mass to the He nucleus or molecule fixed ͑MF͒ with respect to the HF ϩ bond axis r. It is not necessary to repeat the computation of the energy levels in the different frames; the transformation from the SF basis to the BF and MF bases is given analytically. Before we discuss the formalism to compute the rovibronic levels of the complex, we briefly summarize the fine structure of HF ϩ in its X 2 ⌸ ground state.
The dominant term that splits the levels of HF ϩ (X 2 ⌸) is the spin-orbit coupling ͑coupling constant A ϭϪ293.14 cm Ϫ1 ). Approximate quantum numbers that characterize these energy levels are ⌳ϭϮ1 and ⍀ϭ⌳ ϩ⌺. The quantum number ⌳ is the eigenvalue of the electronic orbital angular momentum operator l z and ⌺ϭϪ 1 2 , 1 2 is the eigenvalue of Ŝ z , which is the component of the spin (Sϭ 1 2 ) along the HF ϩ bond axis. The total angular momentum of the HF ϩ monomer is represented by the operator ĵ ϭ lϩŜ ϩR , where l, Ŝ , and R are the electronic orbital and spin, and the nuclear ͑rotation͒ angular momenta, respectively. For free HF ϩ the quantum number j that corresponds with the operator ĵ is an exact quantum number. The eigenvalue ⍀ of the electronic angular momentum operator l z ϩŜ z is also an eigenvalue of ĵ z , because the nuclear angular momentum R has a vanishing z component. As a result of spin-orbit coupling, the levels with ⍀ϭϮ 3 2 are lower by about 300 cm Ϫ1 than the levels with ⍀ϭϮ 1 2 , which makes HF ϩ (X 2 ⌸) a typical Hund's coupling case (a) system. For jϾ0 ⍀ is not an exact quantum number even for the free monomer, because states with different ⍀ are slightly mixed by Coriolis coupling. The effective monomer Hamiltonian that describes the complete level structure of HF ϩ (X 2 ⌸) is
where B 0 ϭ17.5779 cm Ϫ1 is the rotational constant and A ϭϪ293.14 cm Ϫ1 the spin-orbit coupling constant of HF ϩ (X 2 ⌸) in its vibrational ground state. 7 The components of the angular momentum operator ĵ are given with respect to the MF z axis and obey anomalous commutation relations. 8 The corresponding shift operators are therefore defined as ĵ Ϯ ϭ ĵ x ϯi ĵ y , whereas the spin shift operators have the normal definition Ŝ Ϯ ϭŜ x ϮiŜ y .
Since the H-F vibration has a much higher frequency than the vibrations of the He-HF ϩ complex we froze the HF ϩ bond length at the equilibrium value r e ϭ1.0011 Å. 7 It was shown in Paper I that the intermolecular potential depends strongly on the HF ϩ bond length, however. The global minimum in a full three-dimensional potential, which is the sum of the intermolecular potential and the H-F ϩ pair potential, occurs at rϭ1.0273 Å. We also computed rovibronic levels with r fixed at this value. The Hamiltonian of the He-HF ϩ (X 2 ⌸) complex in SF coordinates can then be written ͑in atomic units͒ as
where ϭ3.3353 u is the reduced mass of the dimer and L is the angular momentum operator corresponding to the endover-end rotation. The potential energy operator V , given in terms of diabatic states, is most conveniently expressed in body-fixed coordinates and will be specified below. In writing Eq. ͑2͒ we assumed implicitly that the interaction with He does not change the spin-orbit coupling term in the Hamiltonian of the HF ϩ monomer. The SF dimer basis and the matrix elements of the Hamiltonian in Eqs. ͑1͒ and ͑2͒ over this basis can be found in a recent paper on the bound levels of the He-CO(a 3 ⌸) complex. 9
A. R embedding
Since He-HF ϩ (X 2 ⌸) is much more strongly bound than He-CO(a 3 ⌸) the bound states of He-HF ϩ (X 2 ⌸) are most conveniently calculated and interpreted in a basis with coordinates and angular momentum quantum numbers defined with respect to a BF frame with its z axis along R. The BF coordinates are defined by writing the SF components of the vectors R and r as
with the unit vector e z being the column vector ͑0,0,1͒ and the rotation matrices
Ϫsin ␤ 0 cos ␤ ͪ .
͑5͒
The BF coordinate is the angle between r and R which is zero for the linear He-HF ϩ geometry. The elements of the matrix R(␣,␤,)ϭR z (␣)R y (␤)R z () are the direction cosines of the ͑three-angle embedded͒ BF frame with respect to the SF frame. The Hamiltonian for the rovibronic states of the complex on the multiple diabatic potential surfaces reads in BF coordinates as
The monomer Hamiltonian Ĥ HF ϩ is the same as in the SF representation, see Eq. ͑1͒. The diabatic states ͉⌳͘ BF of the He-HF ϩ (X 2 ⌸) complex, labeled by the HF ϩ monomer quantum number ⌳ϭϮ1, are here expressed in BF coordinates, cf. Eq. ͑A8͒. The expansion of the diabatic potentials is given by
The functions D m Ј ,m (l) (,,) are Wigner rotation functions 8 with two of the angles being zero in this case; note that only functions with mЈϭ0 and mϭ⌳Ϫ⌳Ј occur in the expansion. We obtained the above expansion from the corresponding expansion in MF coordinates derived in Ref. 9
with the use of the transformation of the electronic wave functions in Eq. ͑A9͒. 
͑11͒
The expressions in large round brackets are 3 j symbols. 11 The parity-adapted basis in the BF embedding is 
B. r embedding
In order to recognize the characteristic features of a Renner-Teller system it is also useful to express the rovibronic wave functions in coordinates defined with respect to a frame with its z axis parallel to the HF ϩ monomer bond axis r. We call this frame MF. The MF coordinates are defined by writing the SF components of the vectors r and R as
The MF coordinate ␤Ј, the angle between the vectors R and r, is the same as the BF coordinate . The matrix R(Ј,Ј,␣Ј)ϭR z (Ј)R y (Ј)R z (␣Ј) contains the direction cosines of the ͑three-angle embedded͒ MF frame with respect to the SF frame.
The dimer Hamiltonian in the MF representation is similar to the SF Hamiltonian in Eq. ͑2͒ except for the appearance of the HF ϩ monomer term. Since the quantum number j is not defined in the MF representation, we write the HF ϩ monomer Hamiltonian as
͑15͒
The potential energy operator is now
given by Eq. ͑8͒ with ϭ␤Ј. The dimer basis functions in MF coordinates are ͑cf. the Appendix͒
where ⍀ L is the projection of the end-over-end angular momentum L on the HF ϩ axis and P r ϭ⍀ϩ⍀ L is the projection of the total angular momentum J on the same axis. The diabatic electronic wave functions ͉⌳,S,⍀͘ MF are defined with respect to the MF frame ͓Eq. ͑A7͔͒. In Renner-Teller systems it is customary to define also a quantum number K, the projection of the electronic and nuclear orbital angular momenta on the body-fixed z axis or, in other words, the eigenvalue of the total angular momentum operator Ĵ z minus the eigenvalue of the spin operator Ŝ z . Here we define K r ϭ⌳ϩ⍀ L ϭ P r Ϫ⌺. The matrix elements of the Hamiltonian in the MF basis read
The matrix elements of the potential are ͗nЈ,⌳Ј,S,⍀Ј,LЈ,
͑19͒
The parity-adapted basis in the MF embedding is
It is also useful to know how to transform the basis from one frame to another. This is derived in the Appendix.
C. Computational details
The bound states of the complex were obtained from a full diagonalization of the Hamiltonian matrix. We coded the construction of this matrix in the three different sets of coordinates for which the formulas are given above ͑SF, BF, MF͒ and used the basis transformations specified in the Appendix to check our codes. Calculations were performed for J up to 9 2 inclusive. The levels were converged to within 10 Ϫ4 cm Ϫ1 with an angular basis truncated at j max ϭ 35 2 and a radial basis with n max ϭ14. Test calculations with j max ϭ 41 2 gave levels that did not deviate from the j max ϭ 35 2 results by more than 10 Ϫ5 cm Ϫ1 . The nonlinear parameters R e , D e , and e of the 15 radial basis functions n (R) were optimized by energy minimizations with smaller values of n max . The final calculation was performed using R e ϭ5.3 a 0 , D e ϭ620 cm Ϫ1 , and e ϭ140 cm Ϫ1 .
III. RESULTS

A. One-dimensional calculations
In order to understand how the states of the HF ϩ monomer become perturbed and mixed by the interaction with the He atom it is interesting to start with calculations in which the intermolecular distance R is fixed and is reduced from infinity to its equilibrium value. We have performed such fixed-R calculations for a set of distances ranging from 1.5 to 8.5 Å, with a grid spacing of 0.0085 Å for RϽ3.3 Å and 0.15 Å for larger distances. An analysis of the wave functions for Rϭ2.26 and 3.7 Å in the R embedded frame is presented in Table I for Jϭ 3 2 and Table II for Jϭ 1 2 . The first observation one can make is that the quantum number P R , the projection of J on the BF z axis R, is always a nearly good quantum number. The energies are plotted as functions of R in Fig. 1 for P R ϭϮ 1 2 , Jϭ 1 2 and for P R ϭϮ 3 2 , Jϭ 3 2 . The picture exhibits different dissociation limits. The lowest three limits correspond to the ͉⍀͉ϭ 3 2 ground state of the HF ϩ monomer, the first one at Ϫ114.2138 cm Ϫ1 to jϭ 3 2 , the second one to jϭ 5 2 , and the third one to jϭ 7 2 . The fourth asymptote corresponds to the excited spin-orbit state of HF ϩ with ͉⍀͉ϭ 1 2 and jϭ 1 2 . We did not plot the energies with P R ϭϮ 1 2 , Jϭ 3 2 because they only differ from the P R ϭϮ 1 2 , Jϭ 1 2 energy curves by one quantum of overall rotation and on the scale of Fig. 1 would coincide with the latter curves. The corresponding eigenvectors are very similar, cf. Tables I  and II . The lowest curve has a global minimum at Ϫ1302.37 cm Ϫ1 for Rϭ2.258 Å and corresponds to Jϭ 3 2 , P R ϭϮ 3 2 , ⍀ϭϮ 3 2 , and e parity. Figure 1 shows that first, from large R inwards to about 3.7 Å, the asymptotic levels of given j split into 2 jϩ1 levels with P R ϭϪ j,Ϫ jϩ1,..., j by the anisotropic interaction with the He atom. Monomer states of given ⍀ that in free HF ϩ are mixed only by Coriolis coupling, are now coupled also by the off-diagonal diabatic interaction potentials V Ϯ1,ϯ1 , i.e., by the adiabatic ''difference potential'' (V A Љ ϪV A Ј )/2. For smaller distances the interaction with He becomes stronger, the energy curves in Fig. 1 show ͑avoided͒ crossings, and the monomer spin-orbit states with different ͉⍀͉ start to mix. This is illustrated for Rϭ2.26 Å in Table I . Only the lowest bound state, with ͉⍀͉ϭ 3 2 , shows negligible mixing with states of ͉⍀͉ϭ 1 2 , cf. also Fig. 1 . 
B. Full calculation
Tables III and IV contain the rovibronic energy levels and parity splittings from full-dimensional calculations for Jϭ 1 2 , 3 2 , 5 2 , 7 2 , 9 2 . The first column indicates the dominant character of the corresponding eigenstate. The label 2Sϩ1 K P is commonly used in Renner-Teller systems; the quantum numbers S, Pϭ P r , and KϭK r were defined in Sec. II B.
In the linear triatomic open-shell molecules in which Renner-Teller coupling is mostly studied K is the sum of the electronic orbital angular momentum ⌳ and the vibrational angular momentum, usually called l, generated by the degenerate bending mode. The quantum number that corresponds most closely to l in the He-HF ϩ complex is the quantum number ⍀ L defined in the r embedding and K is defined in this MF embedding as K r ϭ⌳ϩ⍀ L ϭ P r Ϫ⌺. The problem in the BF embedding is that the electronic angular momentum ⌳ is the projection on the HF ϩ axis r, the nuclear angular momentum projection ⍀ L is not defined, while the total angular momentum projection P R is defined with respect to the intermolecular vector R. Still, we write K R ϭ P R Ϫ⌺ also in the BF system. This is physically meaningful because the complex has a linear equilibrium geometry with a rather steep well in which the lower rovibronic states are localized and the vectors r and R remain nearly parallel. Table V shows a comparison of the main character of the rovibronic states in terms of the quantum numbers for the two embeddings considered. In all cases except a few, in which the character is quite mixed anyway, we find agreement between the assignments of the two embeddings. The population of the dominant 2Sϩ1 K P component is systematically higher in the R embedding, which shows that this embedding yields the better approximate quantum numbers. This seems in contradiction with our previous observation that the quantum number K is more strictly defined in the r embedding, but one should realize that this was a purely formal argument, TABLE III. Rovibronic energy levels ͑in cm Ϫ1 ) of parity e in r embedding. The assigment in terms of 2Sϩ1 K P with KϭK r and Pϭ P r and the stretch, bend quantum numbers v s , v b is explained in the text. States with ͉K͉ϭ0,1,2,3 are denoted by ⌺, ⌸, ⌬, ⌽. while the assignment of approximate quantum numbers is of more physical nature. The binding energy D 0 of the complex is 1125.6 cm Ϫ1 for Jϭ 3 2 , ͉P r ͉ϭ 3 2 , and spectroscopic parity e. Note, for comparison, that the global minimum in this potential at the linear geometry with R e ϭ2.24 Å has well depth D e ϭ1631 cm Ϫ1 . The analysis of the wave functions using the ͑BF͒ R embedding shows that the well is sufficiently deep to considerably hinder the rotation of HF ϩ : basis functions with different j are strongly mixed. Table III also lists stretch and bend quantum numbers v s and v b . The assignment of these quantum numbers was made with the help of the wave functions, some of which are plotted in Figs. 2 and 3 . The stretch quantum number v s is determined by counting the number of nodes in the wave function along the radial coordinate. The bend quantum number v b is also determined from the number of nodes, but in a slightly more complicated manner. The bending mode of a semirigid triatomic molecule is denoted by v b l , where l takes only the values Ϫv b ,Ϫv b ϩ2,...,v b . Here, the vibrational angular momentum l is equal to PϪ⌺Ϫ⌳. The eigenfunctions of a two-dimensional isotropic harmonic oscillator can be written as F v,l (q)exp(il␣), where q is the amplitude of the bending vibration and ␣ is the phase, and F v,l (q) has (vϪ͉l͉)/2 nodes. Because l is known, we can count the number of nodes in the wave function along the angular coordinate and deduce the value of v b .
Comparison of the v s , v b ϭ0,0 energy levels from the full calculation in Table III with the lower levels from the fixed-R calculation in Tables I and II shows that the stretch zero-point energy of the complex is about 175 cm Ϫ1 . In the harmonic approximation this would correspond to a stretch frequency of about 350 cm Ϫ1 . From the energy differences between the 2 ⌸ 3/2 levels with v s ϭ0,1,2 and v b ϭ0 we find 308 cm Ϫ1 for the stretch fundamental frequency and 549 cm Ϫ1 for the first overtone, indicative of strong anharmonicity. This anharmonicity made it difficult to recognize other stretch progressions. Figure 4 shows an overview of the calculated rovibronic levels with their successive v s ϭ1,2,3 stretch excited states ͑as far as they could be identi-fied͒ separated into different columns. Two of the higher diagonal arrows that refer to stretch excitations do not connect states of the same quantum numbers K and P, but one should realize that these approximate quantum numbers are not always well defined. The states concerned are of mixed character and the character may change upon stretch excitation.
The parity splittings of the levels with Jϭ 1 2 up to 9 2 presented in Table IV are in reasonable agreement with the results of the fixed-R calculation at 2.26 Å in Tables I and II. The largest splittings occur for the levels with ͉P͉ϭ 1 2 and these splittings are nicely proportional to Jϩ 1 2 . This simple linear dependence on Jϩ 1 2 is well known for doubling in linear molecules. 12 Here it can be understood by considering the Hamiltonian in Eq. ͑15͒ and the parity-adapted basis in Eq. ͑20͒. From the latter it follows that the energy difference between functions with e and f parity is caused by a coupling between the basis components ͉⌳,⌺,⍀,⍀ L , P r ͘ and ͉Ϫ⌳,Ϫ⌺,Ϫ⍀,Ϫ⍀ L ,Ϫ P r ͘. The J-dependent coupling operators in the Hamiltonian of Eq. ͑15͒ are the shift operators Ĵ Ϯ L Ϯ and Ĵ Ϯ Ŝ Ϯ . The latter operator indeed gives a firstorder splitting between the components with ⌺, P r ϭϮ 1 2 , ) . The magnitude of the actual splittings in Table IV is on the order of the end-over-end rotational constant of the complex ͑see below͒, rather than the size of the monomer rotational constant B 0 that appears in Eq. ͑15͒. This is a consequence of the quenching of the HF ϩ monomer rotations in the complex.
From the levels with Jϭ 1 2 , 3 2 , 5 2 , 7 2 , 9 2 we extracted rota-tional constants of the complex. First, we averaged the energies of the e and f states to remove the effect of the parity splitting. We note that the J dependence of the energy levels originates from the term ͓Ĵ 2 Ϫ2ĵ"Ĵ͔/(2R 2 ) in the Hamiltonian of Eq. ͑6͒. After removal of the parity splitting caused by the J-dependent shift operators the energy contribution of this term is ͓J(Jϩ1)Ϫ P 2 ͔͓͗2R 2 ͔ Ϫ1 ͘. The expectation value ͓͗2R 2 ͔ Ϫ1 ͘ is the end-over-end rotational constant of the complex. The band origins E 0 , end-over-end rotational constants B, and centrifugal distortion constants D presented in Table VI were obtained by a fit of the levels with J ϭ 1 2 to 9 2 for each internal state with the formula
We observe that a substantial decrease of the end-over-end rotational constant B is caused by one or two quanta of stretch excitation, as might be expected, but that also the combination of one stretch and one bend quantum gives a strong reduction of B.
A similar study of the He-HF ϩ complex was made earlier by Schmelz and Rosmus 3 on the basis of intermolecular potentials computed by the coupled electron pair approximation. It was already mentioned in Paper I that our potentials are somewhat different from theirs and, in particular, that our binding energy D e is larger. The rovibronic energy level pattern that they obtain from their potentials is different from ours. The character of the ground state is the same, but the order of the excited states is considerably different. Their spin-orbit splitting 2 ⌸ 1/2 (0,0) -2 ⌸ 3/2 (0,0) is 319.6 cm Ϫ1 , whereas ours is 265.6 cm Ϫ1 . Their stretch frequency 2 ⌸ 3/2 (1,0) -2 ⌸ 3/2 (0,0) is 311.0 cm Ϫ1 , ours is 307.5 cm Ϫ1 . The most striking difference occurs for the bend frequency 2 ⌺ 1/2 (0,1) -2 ⌸ 3/2 (0,0) that they find to be 223.2 cm Ϫ1 , substantially lower than our value of 377.7 cm Ϫ1 .
Since the intermolecular potential depends strongly on the HF ϩ bond length, we also computed rovibronic levels with r fixed at the value of 1.0273 Å that corresponds to the global minimum of a full three-dimensional potential surface ͑see Paper I͒. The dissociation energy D e of the complex with respect to He and the HF ϩ monomer at its equilibrium geometry is increased by 72.3 cm Ϫ1 by this relaxation of r. The intermolecular zero-point energy increases by 55.4 cm Ϫ1 , from 505.7 to 561.1 cm Ϫ1 , making D 0 increase by 16.9 cm Ϫ1 . The actual increase of D 0 in full threedimensional calculations is probably larger, however, because the vibrational zero-point energy of HF ϩ may be lower in the complex. The characteristic excitation energies, 273.1 cm Ϫ1 for the spin-orbit splitting, 329.4 cm Ϫ1 for the stretch, and 415.5 cm Ϫ1 for the bend, are higher than the values calculated for rϭr e . 
C. Renner-Teller effect
The Renner-Teller effect is taken into account in our calculations, because our intermolecular potentials refer to coupled diabatic electronic states and we include all of the relevant electronic and nuclear angular momentum couplings in our Hamiltonian. Our basis can accurately describe the internal ͑stretch and bend͒ motions and overall rotation of the He-HF ϩ complex, even when these internal motions have large amplitudes. Let us now consider explicitly how the Renner-Teller effect becomes manifest in our results. Figure 5 shows the levels calculated for stretch quantum number v s ϭ0, i.e., the leftmost column of Fig. 4 . This picture may be directly compared with the energy level diagram of a 2 ⌸ triatomic linear molecule shown in Herzberg's book, 13 Fig. 8 of Sec. I.2. This diagram correlates the energy levels obtained from a full calculation with the levels obtained when either the Renner-Teller interaction or the spinorbit coupling are set to zero. Herzberg's ''full'' treatment includes the bending mode only and it defines the Renner-Teller interaction parameter ⑀ as the ratio of the harmonic force constants of the coupling or difference potential V 1,Ϫ1 ϭ(V A Љ ϪV A Ј )/2 and the diagonal or sum potential 2V 1,1 ϭV A Ј ϩV A Љ . The corresponding set of levels from our calculation is shown in the second column of Fig. 5 . Note that the bend quantum number v b in our notation is given in parentheses, while Herzberg's figure shows v 2 on the lefthand side. In Herzberg's figure the levels of the same ͉K͉ with the larger ͉P͉ are higher than the levels with smaller ͉P͉, whereas in our figure the levels with the larger ͉P͉ are lower. The reason for this reversed order is that our spinorbit constant A has a negative value, while Herzberg's is positive. Otherwise, the levels from our calculations follow nicely the pattern of the levels in Herzberg's picture. The gaps between levels with different v b are smaller in our case, so different v b manifolds overlap in energy. When we switch off the coupling potential V 1,Ϫ1 we obtain the levels in the first column of Fig. 5 . They differ from the levels with ⑀ ϭ0 in the first column of Herzberg's picture in that the lower ⌺ and ⌬ levels with v b ϭ1 do not become degenerate in our case, and neither do the ⌸ and ⌽ levels with v b ϭ2. When we set the spin-orbit coupling constant A to zero we produce the levels in the third column of Fig. 5 that are very similar to the levels in the third column of Herzberg's picture, except that the ⌬ levels with v b ϭ1 are not centered between the ⌺ levels, but nearly coincide with the upper ⌺ level. When we switch off both V 1,Ϫ1 and A we produce-cf. the fourth column of Fig. 5 -some further degeneracies, but the ⌬ levels with v b ϭ1 remain higher than the ⌺ levels, and so do the ⌽ levels with v b ϭ2 relative to the ⌸ levels. These differences in the first and third columns indicate a fundamental deviation from Herzberg's model, which we will now show to be due to the bending motion being treated as a hindered rotation rather than a harmonic vibration.
This can be understood from an analysis of the matrix elements of the potential V 1,1 in Eq. ͑11͒, but it is easier to consider the example of the HF ϩ molecule in a homogeneous electric field of strength F parallel to the SF Z axis. For simplicity we omit the spin, i.e., we put Sϭ⌺ϭ0 and ⍀ϭ⌳ϭϮ1. When is the dipole moment of HF ϩ the potential energy can be written as V ϭϪF cos ϭϪFP 1 (cos ), with ͑,͒ being the SF polar angles of the diatom axis r and P 1 (cos ) the Legendre polynomial P l with lϭ1. The basis to describe the hindered rotation of HF ϩ in this example is obtained from Eq. ͑9͒ by omitting the overall rotation functions with quantum numbers J,M J and depending on the polar angles ͑␤,␣͒ of R. This is equivalent to considering R ͑i.e., the direction of the He atom͒ to be fixed along the SF Z axis ͑i.e., the field direction͒. Furthermore, we replace P R by K because ⌺ϭ0 and get the basis
The matrix elements of the potential read
lϭ0,Ϯ2. This is related to the finite amplitude of the ''bending'' motion or, in other words, to the fact that the electronic angular momentum ⌳ and the total angular momentum K refer to different axes. When the field F becomes stronger, the level pattern becomes more and more similar to that of a harmonic oscillator and the splittings become relatively smaller. In the strong field limit the rotating molecule can hardly bend away from the SF Z axis, the axes Z and z become parallel, and the splitting pattern is similar to Herzberg's. Also in our calculations on He-HF ϩ the energy differences between the ⌬ and ⌺ levels with v b ϭ1 and between the ⌽ and ⌸ levels with v b ϭ2 did not disappear, even when we switched off both V 1,Ϫ1 and the spin-orbit coupling. When increasing the steepness of the well at the linear geometry in V 1,1 we found, also in the full calculations, that these energy differences became relatively small in comparison with the ͑vibrational͒ splitting between levels with different v b . So, in that sense, our results agree with Herzberg's model for the Renner-Teller coupling in a 2 ⌸ triatomic linear molecule.
IV. CONCLUSION
Without consideration of the spin-orbit coupling the He-HF ϩ complex has two asymptotically degenerate electronic states that correlate with the X 2 ⌸ ground state of free HF ϩ . We calculated the bound rovibronic levels of this complex for Jϭ 1 2 , 3 2 , 5 2 , 7 2 , 9 2 with the use of diabatic intermolecular potentials that couple these states and the inclusion of spinorbit coupling. The ab initio diabatic potential surfaces and their analytic fits are described in Paper I. 1 The calculation of rovibronic levels was performed with basis sets defined in different coordinate frames: a BF frame with the z axis parallel to the vector R that points from the center of mass of HF ϩ to the He atom, and an MF frame with the z axis par-allel to the HF ϩ bond axis r. We interpreted the character of the rovibronic states by a series of calculations with the He-HF ϩ distance R fixed at values ranging from 1.5 to 8.5 Å and by analysis of the wave functions. The approximate quantum numbers corresponding to the various angular momentum components with respect to the BF and MF frames were very useful in this analysis.
The intermolecular potential has a rather deep well at the linear He-HF ϩ geometry, which makes this complex a Renner-Teller system. Renner-Teller effects have mostly been studied for semirigid triatomic and polyatomic linear molecules. Although the He-HF ϩ complex is much more strongly bound than the neutral He-HF Van der Waals complex, it is considerably less rigid than a ''normal'' molecule held together by covalent bonds. It was, therefore, interesting to analyze the effects of the Renner-Teller coupling in this system and to look for characteristics due to large amplitude internal motions. We made such an analysis and, indeed, found such features. Finally, we extracted from our results some quantitative data that determine the spectroscopy of this complex: stretch and bend frequencies, spin-orbit splittings, parity splittings, rotational constants, and we compare some of these with the results of a previous theoretical study.
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APPENDIX: BASIS TRANSFORMATIONS
Before we discuss the transformation of the different bases, we must derive a relation between the BF and MF frames. For this purpose it is most convenient to take the definition of the BF frame ͓R͑␣,␤,͔͒ from Sec. II A and to define the MF rotation angles by R͑Ј,Ј,␣Ј͒ϵR͑␣,␤, ͒R͑ 0,, ͒. ͑A1͒
Next we verify that this definition is equivalent to the definition of the MF frame given in Sec. II B. Substituting Eq. ͑A1͒ into Eq. ͑13͒ and using R z ()e z ϭe z for any angle we find 
wave functions ͉⌳,S,⍀͘ with angular momentum projection quantum numbers defined with respect to the SF z axis. This method is particularly convenient for giving a precise definition of open-shell electronic wave functions, also in the case of half-integral spin. In the Appendix of Ref. 14 where the rotation operator acts on the electronic coordinates, as well as on ͑␤,␣͒. With the use of Eq. ͑A7͒ and the relation P r ϭ⍀ϩ⍀ L we obtain the MF basis in Eq. ͑17͒. Analogously we define the R embedded ͑BF͒ basis ͉n,⌳,S,⍀, j, P R ;J,M J ͘ ϭ͉n͘ ͓͑2Jϩ1 ͒͑ 2 jϩ1 ͔͒ After integration over ␣Ј only the term with M L Јϭ⍀ L survives, which allows us to integrate over ␤Ј. Upon introduction of a dummy third angle via 1/2 ͐ 0 2 d exp͓i(P r Ϫ⍀ Ϫ⍀ L )͔ϭ1 the remaining integral of the product of three D matrices over Ј and Ј becomes a standard integral. 8 The result is a product of two Clebsch-Gordan coefficients. Finally the summation over m and M L may be performed by using the orthogonality relation of Clebsch-Gordan coefficients 11 and we obtain T ⍀ L , j (⍀,L,J) ϭ ͫ 2 jϩ1 2Jϩ1 ͬ 1/2 ͗ j,⍀,L,⍀ L ͉J, P r ͘.
͑A16͒
The elements of the matrix that transforms the SF basis into the BF basis can be evaluated similarly 
